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Abstract 

In this exposition we prove an existence theorem for a quantum mechanical 
dynamical entropy based on von- Neumann's measurement theory. To that end 
we introduced a Shannon type of information associated with a quantum chan- 
nel or measurement based on Araki's relative entropy This is an invariance for 
the dynamics which generalizes Kolmogorov- Sinai 's notion of dynamical en- 
tropy of a measure preserving transformation. In this context we also introduce 
a natural notion of channel capacity as a generalization of Shannon's capacity 
of a channel and finds its relation with A.S. Holevo's notion of capacity. 
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1 Introduction: 

A measurement in classical dynamics gives rise to a measurable partition 
C — (CO °f the configuration space ( measure space) (M,B,/i). For a par- 
tition £, we can associate a family of measure /jLq(E) = measure and 
check that Shannon information defined by H^(Q = niCd^^id) can De 
re-expressed as MCi)^/-^ A 4 ) where £(.,.) is the Kullbeck-Liebler relative 
entropy. In other words H^(Q can be interpreted as the average Kullbeck- 
Liebler divergence of the final measures (/ij) with respect to the initial measure 
fi. One important feature of the classical measurement is the invariance prop- 
erties i.e. X)iA*(CiVi = A 4 ' w hich reflects that a measurement do not disturb 
the system. Given two such partitions or measurements ( = (Q), rj = (rjj), 
we write ( o r\ = (Q fl rjj) as their joint measurement. One more feature in 
information theory is the following sub-additive property , i.e. 

ff M (C o v) < hm + hm 

In the quantum case, we consider a triplet (A,9,(f>), where A is a C* or 
von- Neumann algebra, 9 is a * automorphism and is a state. For the 
present discussion, we assume A is a von-Neumann algebra and all the maps 
appear here are assumed to be normal. In particular is a normal state. A 
quantum measurement, according to von-Neumann [Ne], give rise to a spectral 
resolution of identity i.e. a countable family of orthogonal projections (Q G A) 
and the final possible states are (f>i(x) = ^ ^ <f>(QxQ). 

The major difficulties with this family of partitions are the following: 

(a) given two such partitions (, rj there is no natural meaning to joint measure- 
ments. 

(b) In a real quantum case J2i 0(O) < M a; ) ^ x e A. 
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The difficulties (a) we avoid by respecting the time order of the dynamics 
and for (b) we adopt the quantum mechanical Kullbeck- Liebler ( Araki's 
relative entropy ) divergence of the average final state with the final possible 
state. In other-words we define 

where (Q) is a family of positive maps on A so that ( = J2i is a unital map. 
Such a family will be a referred as a partition of A. For any two partition (, r\ 
we set partition ( o rj = (Qo r/j). A partition ( will be called Schwartz type if 
Ci( x *)d( x ) < G( x * x ) f° r an x E A. We prove for any Schwartz type partitions 
that 

H4C\r, o 0) < H+(C\t,) (1.1) 

where H^Qrj) = H^C, o rj) — H^irf). The basic inequality (1.1) ensures exis- 
tence of dynamical entropy h^{9,Q defined by 

M^O = limit„_oo^(ClC-n) 

for any Schwartz type partition ( and a preserving automorphism 9 where 
(_ n = 6- 1 (()o6- 2 (()o....o6- n (() and 0(C) = 9(9-\ It is simple to check that 
h,j,{6, C) = h<p(Ii 9(), where we note that (9Q) is also a Schwartz type partition 
once (Ci) is so. Thus the class of Schwartz type of measurements are too large 
to destroy the characteristic for a particular dynamics {9). In mathematical 
term we note that sup^h^,(9, () is independent of 9,if supremum is taken over 
all Schwartz type of partitions. 

Thus we need to look at a smaller class. We say a partition or measurement 
(Q) is admissible for the state if h^I, () = and (Q) is invariant for the 
state 4> if <fi o ( = 0. Thus for a resolution (Q) of identity into orthogonal 
projection on H we define Q by G(x) = d x d, ^ x e A.. It is obvious that 
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h^I, C) = 0. However such a measurement need not be invariant. Nevertheless 
the class of invariant admissible measurements are not small. In this regard 
Accardi's notion [AcC,OhP] of 0-conditional expectation will take a leading 
role for constructions of an invariant measurements. 

We define dynamical entropy h<j,{6) as supremum of h^iO^Q over all ad- 
missible invariant measurement. h^iO) is an invariance for the dynamics. We 
prove that the map — * h^(9) is convex on the convex set of 9 invariant nor- 
mal state. We explore the convex property of the map <f> — > h^O) further to 
define what we tempted to call 'equilibrium state'. Thus gives rise the hope 
of understanding 'quantum phase transition' as non-uniqueness of equilibrium 
state. One good testing ground which we won't address here would be the 
Hamiltonian evolution in quantum spin chain. An important related concept 
that appears here is a notion of capacity of a quantum channel. This notion 
seems to be related with Holevo [Ho] work on classical capacity of a quantum 
channel. One advantage over here that the capacity of a channel is realized via 
the notion of quantum measurements. We prove a Holevo type of bound for 
quantum capacity. 

In the last section we prove that this notion is indeed a generalization of 
Kolmogorov-Sinai invariance. 

2 Araki's relative entropy : 

Let A be a von-Neumann algebra and be a faithful normal state. Without 
loss of generality let also (A, <p) be in the standard form (A, J, V, uo) [BrR] 
where ui G Ti, a cyclic and separating vector for A, so that <f>(x) =< u,xu > 
and the closer of the closable operator So : xuo — > x*lu, S possesses a polar 
decomposition S = JA 1//2 with the self-dual positive cone V as the closure of 
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{ JxJxuo : xA} in H. Tomita's [BrR] theorem says that A U AA- U = A, t e M 
and JAJ = A', where A' is the commutant of Aq. We define the modular 
automorphism group a = (a t , t e M) on A by 

a t (x) = A lt xA~ lt . 

Furthermore for any normal state ip on A there exists a unique vector ( G V 
so that ^(x) =< (^,x(,p >. 

Following Araki [Ar] we define the relative entropy S(ipi, ip 2 ) for two normal 
state ipi,ip2 on ^4 where if)i(x) =< Ob^G > an d ^(^O =< C2 ) a; C2 > for some 
Ci, C2 £ T 3 - The closer of the closable operator 

So(C 2 , Ci) : x{ 2 + s A (()xXi, x E A, s A 'z = 

defined on AC2 + (I — s A ' ((2))% where s A (( 2 ) is the projection from H to 
{.4/C2} , 5'(C2,Ci) possesses a polar decomposition = J^^A 1 ^ 2 ^. So by 

definition, A(ou,u) = A. The Araki's relative entropy is defined by 

00, otherwise 
where ip 2 « i>\ means that ty 2 {x*x) = implies tp 1 (x*x) — for x e A We 
recall in the following proposition few well-known properties of relative entropy. 

PROPOSITION 2.1: (a) Lower bound: ||^ -^ 2 || 2 /2 < S^i,^)- 

(b) Jointly convex: S'('0, 0) is jointly convex, i.e. S(\ipi + fiip 2 , A0i + fi<p 2 ) < 
\S(ipi, 0i) + fiS(^p 2 , 2 ), where /x + A = 1, //, A > 0. 

(c) Ullhamm's monotonicity: For any Schwartz type positive unital normal 
map r from A to B, 

S(ll)iT,1p 2 T) < S(ip u ip 2 ) . 

(d) Lower semi-continuity: If lim^,^^ = tp and lim^oo^ = in weak* 
topology, then S(i/),(f>) < lim inf n _ ) . ooJ S'('0 n , (f> n ). Moreover; if there exists a 
positive number A satisfying ip n < A0 n , then lim n _ >oo 5'('0 n , <f> n ) = S(ip,(p). 
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(e) Donald's identity: For any family of normal positive functional (u>i, i > 1) 
and <f> we have 

S(w,0) + £S( Wi ,w)= £5(^,0) 

i i 

where — oj. 

PROOF: We refer to the monograph [OhP]. ■ 

We end this section with a simple result. 
Proposition 2.2: Let A be a semi-finite von-Neumann algebra in its stan- 
dard form and ip be a positive linear normal functional so that ip « <fi. 
Then there exists a y G A' so that ip(x) = fay*xy) and moreover S(i[),fa) = 
fa(y*y)ln(y*y)). 

Proof: We will explore the fact that the modular operator A associated with 
is affiliated with the von-Neumann algebra A. For the first part we use well 
known Dixmiar's Lemma [Di]. For the second part recall that S(yu,u)xyu = 
x*u, thus S(yu,u)y = S(cu,ui) by the cyclic property of uj. Hence A(yu,u) = 
y*A(u,uj)y, Since A is affiliated )i.e. it 's spectral projections commutes with 
A') we conclude the result. ■ 

For a faithful normal state on a semi-finite von-Neumann algebra A and 
a family of positive normal functional fa on A so that J2i fa — <t> we have 
fa(l)S(-^hr : (j)) < S((f)). Thus there exists a family (y,j) of operators in corn- 
mutant n(A') so that Y^iUiUi — 1 an d fa(x) =< yiU,n{x)yiVL >, Vrr e A. 
Thus we have — | \yiu\ \ 2 ln\ \yiUj\ | 2 + < uj,y*yiln(y*yi)uj >< S(fa). Since n(A) 
and tt(A') are isomorphic via Tomita's conjugate operator J, we conclude that 
there exists a family of operators (xi) in n(A) thus in A so that J2i x t x i — 1 
and 

^fax*Xi)ln{x*Xi)) - fax*Xi)ln(t){x*Xi) < S(fa) (2.1) 
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Note that (2.**) is valid for any x = (xi) where J2i x i x i — 1- 111 case ( x i) 
are projections we get back the familiar expression ^2i—(f)(xi)ln(f)(xi) < 5(0), 
where 5(0) could be infinity [OhP]. 

3 Quantum Information: 

Let (Q, J 7 , /i) be a measure space with /i as a probability measure defined on 
JF, a a-field of measurable subsets of the configuration space Q. A classical 
measurement give rise to a partition of the configuration space. In case the 
partition is (Q), Shannon information gain H s (() is defined by 

ff.(C) = E-MCi)MCi)- 

i 

It is simple to verify that H S (Q = J2i f^{d)S(fii, fi) where fa is the conditional 
probability measure defined by ^(E) = ^gy 1 . In other-words we can say a 
measurement give rises to a family of probability measure (/ij) and H s (() is the 
expected value of the relative entropy of the final measure with respect to the 
initial measure. We also note that \i = A 4 (&)/•*» anc ^ A 4 * are orthogonal. We 
will adopt this point of view in the quantum case with a generalized concept 
of measurement. 

We start with the following general set up. We say a family of positive maps 
( = (d : A B) determines a partition of unity for B if J2i G(-0 — I, where I 
denote for unity in the appropriate spaces. We also set ( = J2iQ- So for any 
positive normal state <fi on B as an input or initial state, 0j = </>(£« (/)) _1 o Q 
is the final or output state on A with probability 

In case A = B, we say (Q) is a measurement. We say it is an invariant 
measurement if = o (. We say it is a von-Neumann type of measurement 



8 



if Ci( x ) = d x di where (Q) is family of orthogonal projections in A so that 
J2iG — I- 111 the classical case, i.e. A = L°°(M, B, //), Shannon-Kolmogorov - 
Sinai considered partitions of the form = ipXd, where (Q) is a measurable 
partition of the configuration space M. In such a case ((x) = x, for all x E A, 
thus invariant for any state. However in a true quantum situation there are few 
measurements those are invariant even for a given state of physical interest. 

For a partition of unity (Q), we set 

HAO = E ^W^^/^ & * ° 0- (3-i) 

By convexity property of relative entropy we verify that H(() > S((po( y (po() = 
0. 

We consider the von-Neumann algebra A^ = (Bie^Ai where each Ai are 
copies of the von-Neumann A and two states <t>\(a) = E0(O( a i)) an d 

</>c( a ) = T,iezeta<P{G{I))<P{({ai))- By rescaling and additivity property of rela- 
tive entropy we verify that 

H+(C) = S(<j>\<?). (3.2) 

and also 

m) = m) + m) (3.3) 

where H}({) = E i£f -0(C,(/))^(0(O(/)) and flJ(C) = E l£f ° & ° 

For any two partitions of unity (, 77, Q : A — > £> and 77^- : C — > „4, we set 
partition £ ?? = {Ci^j : C — > £> i E (,j E i]}. 

We say a partition of unity £ : .4. — > £> is Schwartz type if each Q satisfies 
Schwartz inequality i.e. Q(x*)Q(x) < Q(x*x) V x E A. The restriction, 
although mild, is motivated by the monotonicity property of relative entropy. 
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Proposition 3.1 For any partition ( = (d) the map <fi — > H^Q is continuous. 
Also the map ( — > H^(() is continuous in weak* topology. Furthermore for 
any two partitions ( : A — > B, r\ : C — > „4 of Schwartz type 

o r,) < H^r,) + H+(C) (3.4) 

and the map — > if|(C ° v) ~ H^ij]) is convex. 

Proof: First part is an easy consequence of joint continuity property (d) 
in Proposition 2.1. We claim the following two inequalities: 

-£0(C^U))M0(C^a))<-£ 

(3.5) 

and 

£ 5(0Ci^, 00?) < £ 5 (<K^, 00?) + £ s (<t>(i, <K) ( 3 - 6 ) 

For the first inequality, we note that both {4>(CiVj(^)) '■ i £ (, j £ »j} and 
{(f)(Q(I)(f)((r)j(I)) : i E (, j <E i]} are probability measure on the index set 
( x i]. The inequality is nothing but the well known statement that relative 
entropy of any two probability measure is always non-negative. For the second 
inequality we first appeal to Donald's identity to check that 

E s(<K<n s ,<Kv) = Y, s (<Kvi,<Kv) + E ^o^roui.) (3.7) 

Now for each i G ( we check that J2je v Si&dVji ^CVj) = S(<pCiE v , (f>C^v) wnere 
IE V : C v — > A is the unital Schwartz type map defined by 

^(( c i)) = £^'( c j)- 

jeri 

Thus by Ullhamm's monotonicity we conclude the second inequality. By (3.3) 
we conclude the proof. The convex property of the map follows by convex 
property of relative entropy once we appeal to the identity (3.7) ■ 
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The following proposition is a little generalized of Proposition 3.1. 

Proposition 3.2: For any three Schwartz type partition £ : B — > A, rj : C — > 
B, §_:V^C 

#*(C 7)0(3)- H^ c (r] o 0) < H^C o r,) - H^dv) (3.8) 
for any normal state <fi on A. 

Proof: Essential steps are same as in Proposition 3.1. By Donald's identity 
and Ullhamm's monotonicity we check that 

]T s(<KnPk,<l>{riP)- E s((KvjPk,<KvP)< E s(Kv 3 ACv) 

iet,jer),kei3 jeri,ke0 ieCjen 

jeri 

Also by Jensen's inequality we check that 

■ 

4 Quantum Channel and It's Capacity: 

Let A and B be the output and input von- Neumann algebra. A unital Schwartz 
type positive map ( : A — > B is called a quantum channel. We say a family (Q) 
of Schwartz type positive maps is a code for ( if ^ Ci — C- For a given quantum 
channel ( and a code (Q) we set information gained by a measurement (?7j) on 
the output algebra A by 

I^Clv) = H+(Q + H^(r]) - H^C o 77). 

We also set 

i;(C\v) = h;(0 + h^( v )-h;(Co V ) 
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where H^() = - £ 0(O(/))W>(O(/)). 

For such a channel £, we consider the channel (^ n ) : -4.(8) ... <S> .4. :— > <E> £> 

by Cn,l 2 ,.,ln = Cil ® Ci2 ® - ® Cin ^ ^ 

cj(C) = sup^»)(C (B) k B ) 

and 

£>;(C) = su Pfr ij (l0 (c (B) |i7 B ) 

where (77™) are measurements on ^4( n ) and (f)^ = 4>®4>®..®4> (n fold). 

For any measurements r] n and 77™ on and .4( m ) respectively, we verify 

that J 0(n) (C (n) |?r) +^(m)(C (ro) l»7 m ) = Vn+n)(C (n+m) |?f x ?? m ) where <f>W = 
<g> .. <g> ( n times). Thus C; +m (C) > C^(C) + C£(C). We define capacity C c 
of the channel ( by the following 

CV(C) = limit^oo-C^C) 

We also set 

^(C) = limit^oo-DjKC) 
n 

where existence of those two limits are guaranteed by the sub-additive property 
of the sequences < nH^Q — C^(() and < nH^(() — -D^(C) respectively. 

In the following proposition we enlist few elementary property of capacity 
of a channel. 

Proposition 4.1: For a channel ( with a specific code (Q) and initial state 
0, we have the following inequality: 

< D*(Q < CV(C) < H+(Q 

Proof: For any n > 1, the inequality -D^(C) < CJ>(C) follows from (3.6). For 
the other inequality we check that I < pn(( n \rj n ) < H^CJ 1 ) = nH^Q. 
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We define capacity C(() of the channel ( : A — > B by C(£) = 
sup^sup^.).^ ^. = ^C^(C), where supremum is taken over all normal state on 
A and code (Q) so that ^ d — C- We also set -D(C) = sup^sup^).^ q^D^Q. 
Note here that -D(C) corresponds to A. S. Holevo's notion for channel capac- 
ity. Thus it is obvious that D(() < C(() < sup^sup^.^.^ q^H^). In case 
A = B(H) we check that H^Q = S(<j> o C) - ° 0) and 

thus the upper bound is very similar to well known Holevo's bound [Ho]. It 
will be of great importance if one can construct a quantum channel so that 
-D(C) < C(C)- For two channels £i : Ai — > B\ and C2 '■ A2 — > -62 we consider the 
product channel (1 (E) (2 '■ A\ ® A2 ^ B\ ® B2 and similarly for any two possible 
codding for (1 and (2 respectively we choose associated tensor product codes. 
Note that C^ 1(g)( £ 2 (Ci <8> C2) > C^i(Ci) + for any two possible codding 

for (1 and £2 respectively. Hence C(Ci <8> C2) > C(Ci) + C(C2) i-e. The map 
( — > C(C) is supper additive in the category of tensor product of channels. The 
map £ — > -D(C) is also supper additive and one of the long standing problem 
in quantum information theory [HS] weather the map ( — * -D(C) is additive? 
Same question remains open now about that ( — > C(£). An farther discus- 
sion in this direction we need to deal with explicit examples which is rather a 
deviation of the main theme of the present exposition. 



5 Quantum Dynamical Entropy: 

Now we aim to develop, a quantum mechanical analogue of dynamical entropy 
introduced by Kolmogorov and Sinai [See e.g. Pa]. This topics has a rich 
history and several attempt have been made to generalize this concept to the 
non-commutative case, we refer to [OhP,Con] for details. In this exposition 
we aim to propose a new notion of quantum dynamical entropy. We prove a 
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general existence theorem and discuss it's analytical properties. 

We fix a von-Neumann algebra A and assume that it is in standard form. 
Let 9 be a *-automorphism on A and is a normal state , invariant for 9. We 
adopt the same notation for measurement and channels assuming that both 
input and output algebras are same. 

Proposition 5.1: For an unital *-automorphism 9 on A with <fi = <p o 9 

^(0 = ^(^(0) (5.1) 
for any partition (, where 9((). — 9 o Qo 9~ l . 

Proof: Since the relative entropy of any two normal states remain invariant 
i.e. S(ipi,ip2) = S(9ipi9~ 1 ,9ip29~ 1 ), by an automorphism, the equality is im- 
mediate. 

Proposition 5.2: For a countable partitions ( with H^Q < oo, 

MC,0) = lim n ^ 00 ^(C|Cj 
exists, where (' = 9- 1 (Q ° #~ 2 (C) ° •• ° 0~ n (C)- 

Proof: We set a n (() = H^{9 n {C)\9 n ' 1 (C)o..oQ. By Proposition 3.1 and Propo- 
sition 4.1 we check that < a n+ i(() < a n (() < H^), thus the limit n ^ooa n 
exists. ■ 

Since a n (() are monotonically decreasing, their limit h,p(() is also same as 
limit n ^oo^ J2i<k<n a k(C)- So if we interpret a n (() as information gain in the 
nth step, h^((, 9) is indeed the average information gained for large n. In case 

o c = 0, mc, o) = hmit^oo^nc) ° -0- 

It is simple to check that for a partition (, ^((,9) = h^{9 o /), where I 
is the identity map on the von-Neumann algebra A. Thus in case we define 
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dynamical entropy of (A, 9, 0) to be the supremum over all the partitions, then 
the value will be independent of 9. It suggest that we must reduce the class 
so that dynamical entropy for identity map is zero. To that end we restrict 
ourself to admissible measurements M. a i.e. the class of measurements for 
which h^(I, C) = 0, where / is the identity automorphism on A. 

Thus we define dynamical entropy h<f>(Ai a , 9) of the automorphism 9 with 
respect to the invariant state for 9 by 

h^(M a ,9) = sup CeMo . H ^ (c)<oo} /ty(C,0). 

So < h,p(Ai a , 9) < oo. The value h,p(Ai a , 9) could be infinite. As in classical 
theory we expect this notion to play an important role when < h<f,(Ai a , 9) < 
oo. In the following proposition we find a sufficient condition for h^Aia, 9) to 
be zero. 

Proposition 5.3: Let h<p(M a , 9) be the dynamical entropy defined over von- 
Neumann class of measurements, then the following hold: 

(a) h^{M a ,I) = 0. 

(b) h^Ma, 9) = if 9 n = I for some n > 1. 

Proof: (a) is immediate. For (b) we check that /i^(^ n_1 (C) ° #"~ 2 (C) ° •••• ° 
C, 0n ) > ^(C, e )- So in particular h^9 n ) > h^C, 0)- Thus h^Ma, 9) = 0. ■ 

If we intend to obtain information of a system by repeated measurement and 
the measurement is used for that purpose, then only invariant 0- measurement 
should have been used. Although there are few measurement of von-Neumann 
type which is invariant, but 0— conditional expectation [AcC] says that the 
general class of ^-invariant measurements are plenty. In fact given a commu- 
tative sub-algebra A® of A we take Q( x ) = d^( x )dj where (Q) is a partition 
of unity in the commutative algebra Aq and IE is the ^-conditional expecta- 
tion on Aq. Since ^-conditional expectation preserves the state 0, (Q) is an 
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0-invariant partition. We set h^(A4f,9) = sup^^h^, 9), where A4f is the 
class of admissible 0- invariant measurement. 

Theorem 5.4: The map — > h^(Aif,9) is a convex function. If the map 
h<t>(-M-ti ®) i s upper semi-continuous and for a positive self-adjoint operator 
V affiliated to A 

Baj>{h*(Mi,e)-<l>(V)} 

is finite. Then there exists a normal state e which maximizes the functional 
h^Mf, 9) — 4>(V) and e is an extreme point in the weak* compact convex set 
of invariant normal state for 9. 

Proof: Convex property of the map — > ^((,9) follows from the 
joint convex property of the relative entropy. In the following we give 
more details. First we recall that ^((,9) = limit n ^ 00 i/ < j< ) (^ n (C)|Cn )• Set 
^(C) = limiWtf^nOlC) = limiW^nC) o .. o 0(C) o C), where 
H^(C) — — J2 0(Ci(l))^0(Ci(l))- F° r an Y < A < 1 and normal state O , 4>i we 
have XH^iC) + (1 - A)^(C) < ^Vd-WO < XH^O + (1 - A)^(C) - 
XlnX — (1 — A)Zn(l — A) Thus — > h c ^(() is an affine map. On the other hand for 
a partition (, by Proposition 3.1 we check that the map — > H^((\(~ ) is con- 
vex, where for two partition (, i], H^((\rj) = H^((or]) — H^(r]). Hence ft^(C, 9) 
is a convex map. Since h^(Mt,9) is the supremum over convex functions, we 
conclude that the map — > h<p(Mf, 9) is also a convex function. 

Existence of an normal state which will maximize the convex functional 
follows from the weak* compactness of the unit ball in A* and upper semi- 
continuity. That it is an extreme point follows by Bauer theorem [BrR] once 
we apply to the convex functional. ■ 

In the above theorem we have used invariance property only to show the 
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map <f> — > /i£(C, is affine. It is not clear whether we need this restriction on 
partition. 

6 Abelian partition and Kolmogorov Sinai 
theorem: 

Let (Q, J 7 , /j,) be a probability space and 9 be a one-to-one and onto measurable 
map on Q so that fj, o 9 — /i. In this section we will characterize the maximal 
class of measurements that commute with the class of measurements associated 
with measurable partitions. We will show although the class is larger then that 
studied by Kolmogorov-Sinai, the dynamical entropy is same. 

Proposition 6.1: Let ( = (Q) be a family of positive maps so that Ei C«(l) = 1 
and Qrjj = r/jQ for any r)j(ip) = r/jip, where (rjj) is a partition of the probability 
space fl into measurable sets. Then there exists a family of bounded measurable 
function Q so that C»(V0 = CV'Ci an d E? Qd = 1- 

Proof : Since fJ,(Ci(ip)) < MVO? there exists a family of bounded measurable 
functions Q so that /i(Ci(V0) = MC^G) f° r an bounded measurable function 
■0. Since C« commutes with ^-(VO = Vj^PVji we verify that fi(rjj(i(ip)r]j) = 
^(CiVj^VjCi) f° r an y measurable partition (r/j). Hence CiCVO — CV'Ci- We also 
note that unless we demand that £j are non-negative functions this family of 
functions are not uniquely determined by the family of positive maps. 

We denote by C = {C : = GMi, EiCCi = !}■ For any C G £ we 

check that 
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and the following relations as in Kolmogorov-Sinai theory hold: 

Proposition 6.2: For any finite or countable partitions (,i],j3 G C following 
hold: 

(a) H((o V )>H(0 

(b) H(C\r,op)<H(C\r,) 

(c) H(Cor,\f3)<H(C\j3) + H(T,\j3) 

(d) H(9(()\9([3)) = H((\[3) 

Proof: (a) and (b) follows from the general case. Since £ is a commutative 
class, (b) is equivalent to (c). (d) also follows from the general case. 

We define dynamical entropy h^C, 0) as in Proposition 5.2 and note in the 
present case ( is an invariant partition for /i. 

Proposition 6.3: For two finite partitions £, r] e C 

h(C,9) <h(r),e) + H((\r}) 

Proof: In spirit we follow [Pa]. Take ( n = 6 n (() o ... o Q for any partition £ 
and verify the following step by Proposition 6.2 

H(Cn) < H(r) n o C„) 
= H(rj n ) + H(C n \rjn) 

<H( Vn )+ e H(9 k (o \o k m 

l<k<n 

<H(r) n )+nH((\r)). 
Thus the result follows. ■ 

In case r\ is a simple partition of measurable sets 
then H(C\ V ) = -Ei 6C M^[Ci(l))]^[Ci(l)]) + Ei eC MCi(l)Ki(l)) where 
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E v (ip) = Y,j <V ^- Xvj is the conditional expectation on the a-field generated 
by the partition rj. So given any partition ( e C and e > there exists a simple 
partition 77 so that H((\rj) < e. Thus a simple consequence of Proposition 4.3, 
we have the following result. 

Theorem 6.4: Let (fi,jF, jj) be a probability space and 9 is a one-one and 
onto measurable /i-invariant map. Then 

su Pfe£MC#) = sup Ce£() /v(C,#). 

In the following we show that the dynamical entropy is same even when we 
restrict to the class C n C(Q) or C n C°°(M), (in case f2 is a locally compact 
topological space ) for a regular measure /i. To that end we start with the 
following proposition where C is the class of partition of unity into disjoint 
measurable sets (Q). 

Proposition 6.5: Let f2 be a compact Hausdorff space with a regular measure 
/i. For any fixed partition ( G £0 and e > there exists a partition r\ e £nC(fi) 
so that 

Proof: Given an element ( G Cq i.e. a partition of unity into disjoint mea- 
surable sets (Ci), we choose by regularity of the measure /i a sequence of non- 
negative continuous functions (r?™) so that /i(^™Cj) — > MO)^- Now we set 
Cf — — • Thus C™ is a partition of unity with elements in C(Q). Thus 

< ^(C o C) - H,(c n ) < Hftc ° C) - ^(C) - o. ■ 

Theorem 6.6: Let f2 be a compact Hausdorff space with a regular probability 
measure /x and 9 be a homeomorphism on Q. Then 

/i„(0) = sKp (eCncm h((,9). 
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Proof: It follows from Proposition 6.5 and the basic inequality in Proposition 
6.3. ■ 

REFERENCES 



• [AFH] Andreas, K., Fabio, B., Thomas, H. : Quantum chaos and dynam- 
ical entropy, Comm. Maths. Phys. 198 (1998), no-3, 607-688. 

• [Ar] Araki, H.: Relative entropy of states of von-Neumann algebra, Publ. 
RIMS, Kyoto Univ., 11, pp. 809-833, 1976. 

• [BrR] Bratelli, O., Robinson, D.W. : Operator algebras and quantum 
statistical mechanics, I, II, Springer 1981. 

• [Ho] Holevo, A.S.: The capacity of the quantum channel with general 
signal states, IEEE Trans inform. Theory 44 (1998), no.l 269-273. 

• [HS] Holevo, A.S., Shirokov, M.E.: On Shor's channel extension and 
constrained channels, Commun. Math. Phys 249 (2004), 417-430. 

• [OhP] Ohya, M., Petz, D.: Quantum entropy and its use, Text and mono- 
graph in physics, Springer- Verlag. 

• [Par] Parry, W. : Topics in ergodic theory, Cambridge University press, 
1981. 



